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Two Results Concerning Asymptotic Behavior of
Solutions of the Burgers Equation with Force
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We consider the Burgers equation with an external force. For the case of the
force periodic in space and time we prove the existence of a solution periodic
in space and time which is the limit of a wide class of solutions as ¢ — co. If the
force is the product of a periodic function of x and white noise in time, we prove
the existence of an invariant distribution concentrated on the space of space-
periodic functions which is the limit of a wide class of distributions as ¢ — co.
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partition function.

1. FORMULATION OF THE RESULTS

We consider the one-dimensional Burgers equation with force having the
form
u,+u-u,=pu,. + F'(x) B(1), —0 <X <0 (1)

Here F(x) is a C'-periodic function of period x,. The assumptions concern-
ing B will be formulated later. The initial data u(x;0) are derivatives
u(x; 0) =v'(x), where v(x) are typical realizations of some random process.
The probability distribution corresponding to v is denoted by P,. It is
defined on the natural o-algebra of subsets of the space V of absolutely
continuous functions v(x). We assume that:

1. There exists a constant C, such that with Py-probability 1
(x) < Co
for all x.
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2. A=E{exp[ —v(x)]} does not depend on x.
3. There exists v, 0 <y < 1/2, such that for Pj-almost every v{x),

1
lim  sup ——— Y o e et _g1=0
n— oo ae[0,xp] L 2[ny] + 1 lk—m| <[]

im|<nmeZ

It is easy to give concrete examples of P, for which condition 3 is true.

Theorem 1. Let B be a continuous periodic function of period z,.
There exists a solution u®(x, t) of (1) periodic in x with period x, and
periodic in time with period 7,-such that for Py-a.e. v

lim [u(x, 1)—u'®(x, 1)]=0

1= o0
for any x, — o0 <x < o0.

Remarks. 1. Our method of proof also gives an explicit expression
for u'9(x, 1).

2. The theorem remains true if the force in the Burgers equation
takes the form OF(x, t)/dx, where F(x,t) is a function periodic in space
with period x, and periodic in time with period 7.

3. The theorem remains true for bounded functions v such that
v'(x) -0 as x - +o0, v(x)— const as x - +0o0.

4. The convergence in Theorem 1 is pointwise. After giving the proof,
we discuss stronger statements concerning the character of convergence.

In Theorem 2 we assume that B(z) is a white noise. This means that
for any t,, t,, t; <t,, a random variable b(¢,, t2)=j§f B(1) dr is defined
such that:

(a;) b(z4, t,) has the Gaussian distribution with mean value equal to
zero and dispersion Eb*(t,,t,)=o(t,—t,) for some ¢ > 0.

(a,) For nonoverlapping intervals (¢}, t3) and (¢{, t;) the random
variables b(?], t5) and b(z7, t5) are independent.

Denote by M((t;,t,) the least o-algebra generated by all b(t], t5),
where ¢, < 1) <1, <t,, and let {T'} be the measure-preserving flow on the
space of all random variables (¢}, t5), where each T transforms M(¢,, ¢,)
to M(t,—1t, t,~1t) and

(T'b) (13, 13)=b(t, =1, 1, = ')

for any 1}, 15, t, +1<ti <t <t + 1.
Assume that P, satisfies the same conditions as in Theorem 1.
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Theorem 2. Let P, be the natural probability distribution on
the space of solutions u(x, t) of (1) induced by P,, 0<t< 0. Then P,
converges weakly as 1 — oo to some probability distribution 0 which does
not depend on P, and is concentrated on the space of functions periodic
in x with period x,.

The proof of Theorem 1 is given in Section 2. In Section 3 we expound
the proof of Theorem 2. The actual statement which we show is the
following. For any e<0 we find r4(g), a set CeM(0, t5(¢)), and a
functional H.({B(t,,1,)}, 0<1t,, t,<to(¢)) defined on C and such that
Prob(C)=1—¢ and if T-'b€ C, then

julx, 1) = Ho(b(t, 15), 1 —to(e) < 11, [, <) <&

In other words, for increasing ¢, the solution u(x, ¢} becomes a functional
of the realization of white noise B(z), 0 <7 <1, with “short memory.” This
memory can be estimated in a more precise way. The functional H,
depends periodically on x. Theorems 1 and 2 are valid also for the multi-
dimensional Burgers equation. Only small modifications in the proofs are
needed.

2. PROOF OF THEOREM 1

After the appropriate rescaling of x and u we may assume that the
period t,=1. We use the Cole-Hopf substitution u= —2u(¢,/¢),"* and
get for ¢ the equation

0= 1032 F¥) B @)
The Feynman-Kac formula® makes it possible to write down ¢ as a
functional integral. Namely, denote by I7{;-3. the corresponding Wiener
measure on the space of continuous functions w{z), £, <1<, such that
w(t,)=w,, w(t,)=w,. Then

ot 1)=[" dy {expl~0(1)1)

x {exp UO F(W(x)) B(x) d‘r:l} TS0 (W) (3)

Put t=t,, t—j=1, j>1, and jeZ', and find r such that ¢,,,<
0<t,, . Fix the numbers a,, a,,.., a,, a, .y, a,€ [0, x,) and rewrite (3) as
follows:
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X X0
p(x; 1) = Lo - --JO da,da,- -da,da,, Y K, (x, a; +mx,)

Yy Mg 4

a;,_,+nm;xy, a L+ m;Xo)

N:l‘

Kf(ar"‘mrxo,ar+1+mr+1xo)e“u(ahl+m'”x0) (4)
Here

KW Wa)= {exp [ [ v sy e | ans,on)

K W)= [ Jexp| [ FOV(e) By at [, om)

The periodicity of F in space and that of B in time imply the following
relations:

L K (W, W,)=K(W,+mxy, W,+mx,), 2<j<r
for all me Z".

2. Ktz(Wla W2)=K,3(W1, W)= "'Kt,(WU Wy)=K(W,, W)
The functions K, (w;, w,), K (w,, w,) depend on the fractional part {t}
and thus are periodic in time with period 1. Introduce the sums

Zq(XQ a;)= Z K,l(x, a; + mx,)

me7Z*

Z(aj417 ) Zt,( i—1, 4 )

Z K a;_1,4 '+mx0), 2€j<r

meZ!

Zsa,,a,, 1) Z K.(a,,a, ., +mxy)

meZ!
and the probabilities
Pa(x, a; +myxo)
=Z;'(x, a;) K, (x, ay +m;xo)
pfa;_+m;_ X, a;+ m;Xo)
=Z,a;_1, a) K,(a 1+ m;_1Xo, @+ m;Xo),  ZSJST
prla,+m,xo5a, .1 +m, 1 Xo)

=Z;1(ara ar+1) Kf(ar+mrx0; ar+1+mr+1x0)
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Consider the sequence of independent random variables &,
¢y &4y, Where each variable &; takes values meZ', and ¢, has the
distribution with the probabilities p,(x, a, +mx,), while £,, 2< j<r, have
the  distribution  with  the  probabilities  p(a;_y, a;+mx,)=
pla;_,, a;+ mx,), which depends only on {} but not on j, and &, has
the distribution with the probabilities p/(a,,a,,; +mx,), which also
depend only on {7}. Then the sum in (4) can be rewritten as follows:

ZZZ (@r> @rses Ay 1)

= Z K, (x, a; +m;xg)

x H K (a;_1+m;_ xq, a;+ m;x,)
j=2

—v{ar+1+mr 4y x0)

x Kela,+m,xq,a,, +m, X5)e

= Ztl(x; a,) Z(a,, ay)---Z(a,_,, a,) Zf(ar7 a, ., )

X 2 Pu(x, a;+m;x,)

,
x [ pila;_s +m;_ xq, a;+m;x,)
X P (ar+mrx09ar+1+mr+1x0)e_v(a’+l+mr+1xw

——Z”(X al n Z( j—l’ j)Zf(ar’ar+l)

X Y, palxait+nxo) [ pia,, a;+n;x,)

a1, 4 j=2

X pf(a,, a,, +nr+1-x0) e V@1t - +ney1) xo)

tlx al ]—[Z( ]715 /) f( r+1)

j=2
x Eéefv(a,+1+(fl+---+5r+1)x0) (5)

where E, is the expectation with respect to the joint distribution of the
random variables ¢;, 1<j<r+1. Put p(a,)=EE,, pla;_,,a;)=EE;
for 1<j<r+1, dla,)=D(&)=E ¢ —play)), dla; . a)=E(E—
wa;_1s a)), M=pla)+352;5 ula, 1, @), and D=d(a,)+ 37, dla;_,, a)).

Lemma 1. Under the conditions of Theorem 1, the sequence of
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random variables £, &,,.., &, satisfies the central local limit theorem
of probability theory in the form

1 i | )
sup Pc(fl+---+§r+1=m)—W€( M\ Ce o (6)

where ¢, tends to zero as ¢t — oo.

The statement of Lemma | means that the convergence to zero of the
difference in (6) is uniform in m, and a,, a,,..,a,,,. Lemmal can be
easily proven by standard methods of probability theory (see, e.g., ref. 4).
We omit the proof. During the proof one must keep in mind the bounded-
ness of |F| and |B|.

Consider in more detail the expectation

E=E56'"°(“’“+(‘5‘+ s+ & 1) x0)
In view of Lemma 1 and property 1 of Py, it is equal to

Ezze—vo(a,+1+mxo)1)é{§l+ +ér+1=m}

=Zefvo(ar+1+mxw —(m~M)2/2D+ecoét

1
< (2nD)” ¢
where J, —» 0 as ¢t — 0. Using property 3 of P,, we easily get

E=A+5Y

where 6{") - 0 as ¢ - oo uniformly in a,,..., 4, ;. Thus,

138N

(p(x;t)~Aj-~-Jda1da2-~-darda,+IZ (x:a,)

X H Z(ajflﬁaj) Zf(ar’ar+l) (7)
j=2

The expression (7) can be studied with the methods of statistical
mechanics. Consider Z(a', a”) as a transfer matrix of a one-dimensional
system and find its positive eigenvector e(a) and the corresponding positive
eigenvalue A:

f e(a')Z(a',a") da’ = Le(a”)
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Introduce the Markov transition operator 7 with the transition
probabilities

_ Z(d',a")e(a')

n a/ a//
(@, a") Je(a”

giving the density of the transition ¢” — a'. Then (7) can be rewritten as

@(x; 1)~ AL j e f da,---da,da, , Z,(x; a;)e(a,)] ™! n(ay, as)
Xoeee n(arflf ar) Z(ar7 ar+1) e(ar)
=4 [ Z,(x:a)le(@)] " 7"a, a,)

x Z(ar> ar+1) e(ar) dal dar dar+1

The ergodic theorem for the Markov chain generated by the operator n
shows that n)(a,,a,) asymptotically does not depend on a, and is
exponentially close to the stationary distribution of this chain. Denote this
distribution by n(a,). It is well known that it has the form e(a,) e*(a,),
where e*(a,) is the positive eigenvector of the adjoint operator, ie.,

f Z{a',a")e*(a")da" = Ae*(a’)
Thus

P05 )~ A Ay | Z,(x50,) e*(ay) day

where 4,=({Z(a,, a,,,) e(a,) da, da, .
Taking the derivative of the rhs of (4) with respect to x and making
the same analysis, we find a similar expression for ¢,:

0
0, )~ AL [ 2 Z,(xia) elay) da

Finally we get that for t — o0

o eusn) ) JZ,(5a)jax] ela) da, "
Hotan T TZ(xia)) e(ay) da,

The rhs of (8) is a solution of (1) periodic in space and time and (8) gives
the assertion of Theorem 1.
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It is clear that the properties of smoothness of

j [8Zt1(x; a;)/ox] e(a,) da,
‘[Ztl(x;al)e(al)dal

uO(x; )= —2pu

depend on the smoothness of F. In particular, if F(x)eC*(S'), then
u©(x; 1)e C*~1(S!) for any ¢ and one can prove easily the convergence of
(0oxYu(x; 1), i<k—1, to (8/0x")u®(x;1). Also, the convergence in
Theorem 1 is uniform in x on any compact subset of R'. Certainly in
general it cannot be uniform on the whole line, because of fluctuations of v.

3. PROOF OF THEOREM 2

Again we use the Cole-Hopf substitution, which now gives the expres-
sion for ¢ in the form

olc;0)=]  dy {exp[—v(»)]}

— 0

x {exp [ [ Fouto)) db(r):l} dIT =0\ (W) 9)

Here [ F(w(z)) db(t) is a stochastic integral, and B(t) = db(t)/dr is white
noise. It is worthwhile to stress that {w(r)} and {b(z,0)} are statistically
independent Brownian motions. Therefore ¢(x; ¢) is random because of the
randomness of b. We proceed in the same way as before. Take an integer
r=r(t) for which r/t = 1 as ¢ - oo and divide the interval (0, ¢) into r equal
parts. Denote the points of the division by r=1¢,>¢,> --- >¢,=0, and
rewrite (9) as follows:

olxit)=|--[day--da, ¥ Kilx ay+mixo)

x Ki(a;_y+m;_1Xq, a;+m;x,) exp[ —v(a, +m,x,) ] (10)

where

1
K;(a',a") =f {exp [J ' F(w(t)) db(r)]} dirli 2 (W)
4
In the case of white noise the operators K,(a’, a”) are random and statisti-
cally independent in a natural sense for different j. The periodicity of F in
x implies

K;(a,a")=K;(a' +mx,, a" +mx,), meZ!
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This gives again a possibility to reduce the summation 3, , to a
problem concerning independent differently distributed random variables.
Namely, introduce the partition functions

Z(x, ‘11)-_-2 Ki(x, a; +mx,)

Z(a;_y, a;)= Z K(a;,_\, a;+ mx,)

meZ!

and the corresponding probabilities

pi(xs ay+mixo)=2Z; ' (x,a;) K(x, a; +m, xo)
pila, 1 +m; 1xq,a;+m;x,)
=Za;_1,a) Ki(a, +m;_ Xq, a;+m;x,)
=Z;Na; 1, a) Ky(a; 1, a;+ (m—m;_ ) x,)

Then (10) takes the form
o(x; )= [ da, day -+~ da, Z,(x, a,) Zo(ay, @) -+ Z,a, 1. a,)

X Z Pilx, ag +nyxg)

AL, A2, Hre Z!
X prlay, ay+nyx0)---pla, y, a,+n.xy)

x exp{—rla,+ (ny+ - +n,)x,]}

Let &,,.., &, be r independent integer-valued random variables where
each ¢, has the distribution p(a, ,, a,+ mx,), a;=x. We can write

Z pi(x, ay +nyx0) palay, ay +nyx0)---pla, , a,+n,x;)

nyny,.., neZ!

xexp{—rla,+(n,+ - +n,) x,]}
=E.exp{—rla,+ (& + - + &) x]} (11)

Again as in Section 2 we encounter two problems. The first one con-
cerns the validity of the local central limit theorem of probability theory,
while the second one consists of the possibility of replacing the average
(11) by its mathematical expectation A. Since the distribution P, has the
properties 1-3 (see Section 1), the second problem is simple because the
local central limit theorem and the stability of the averages (see property 3)
of the distribution P, show that (11) is equivalent to 4 as t — co.
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In order to study the local central limit theorem, introduce

pila)=E¢,, .u'j(aj—l’aj)zEéj: di(a;)=D(¢,)

dj(aj—naj):D(fj)a 2< <, M, = pi(a,) + Z .uj(aj~baj)

J=2

D,=d(a)+ ) dia;_,a)

Certainly, .#, and D, are andom variables, since they are functions of .

Let ¢ — co. Consider the probability P,(¢) (with respect to b) that the
random variables &,, &,,..., &, satisfy the local central limit theorem (Iclt) in
the form described in the Lemma 1.

Lemma 3. P,(t)—1as t— c0.

The proof of the lemma is simple and we shall describe only the main
steps. It uses characteristic functions. It is easy to show that there exists a
finite covering of S' by arcs C,, C,, C,,..., C,, p>0, 6 >0, such that C,
is a symmetric neighborhood of 1 and for any C;, 1 < j<s, the probability
(with respect to B) that the characteristic function has on C; the absolute
value less than 1—§ is greater than p. This gives ecasily an exponential
estimation for the characteristic function of the sum 37 | £; outside a small
neighborhood of 1. The rest follows the traditional way of proving the local
central limit theorem.®
‘ Thus, under the conditions of Theorem 1 and for those b for which the
Iclt is true we can write again

r

(p(x;t)~AJda1da2---da,Z X, a,) ﬂ (a, 1. q, (12)

Now Z,(a,_,, a;) are b-independent random variables. The analysis of (12)
can be done again with the help of the theory of non-homogeneous
Markov chains.

Namely, consider the conditional probabilities

Zya,, ay)

n.(a,/a —_
ilay/az) jzz(anaz)dal

fzz a,, a,)-- ( 1,‘1;)ZJ+1( j+1)dal'”da]‘*1
jzz alaaz) Z(ajfl’aj) Z;.(a;, a;.,)da,---da,

nj(aj/aj+l)_
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We can use them to rewrite the rhs of (12) in another way:

()~ AE, | Z,(x, ) milay | @) molay | az) -
X 7Trfl(arﬁl i ar) Tcr(ar) dal e dar
where
5= da,--da, Z,(a,, &) - Zd, 1, ,)

plays the role of partition function. For the derivative ¢,(x; tr) we have a
similar expression:

0z
9.l )~ AZ, [ T (x @) milay | @) molas | as) -

X 7[,7 l(ar~1 | ar) n(ar) dal ot dar
Therefore this yields for the solution u(x; 7) of the Burgers equation
Q1)  —2u[(9Z,/0x)(x, a)) mi(ay [a)) -
@(x; 1) jZ1(x:al)7T1(a1 lay)---

coom,_yla,_, | a,)n(a,)da, - da,
-, _(a,_,|a)n(a,)da,-- da,

_f (0Z,)0x)(x, a) my(ay | ax) Til@rs | ai) -
- jzl(xa aray | a) ml@e, o | ae) -

u(x, ty= —2u

n,_a,_|a)nla,) dal da, ---da,

n,_i(a,_.|a,)n(a,) da, day-- da,

for any k. Here n(a, | a;) is the conditional density corresponding to the
joint probability density

Z2(a1a aZ) B 'Zr(arfl’ ar) dal daZ e dar

ol
.
<=

Now we remark that for large k the conditional distribution =n(a, | a;)
becomes almost independent of a;, a4, ,.,a, and thus independent of
B(t), 0<t<¢,. This follows easily from the ergodic theorem for Markov
chains. To be more precise, let us formulate the following lemma.

Lemma 4. There exist positive constants p <1 and C,< o and
events S,eB(0,k), k=1,2,., P,(S,)>1—C,p* and a functional
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H®(b(ty, 1), 0<1ty, 1,<k) defined on B(0, k) such that if (b(z,, t5),
t—k<t <t,<t)eS,, then

lu(x, )= HE(b(t,, 1,), i —k <t; <1, <1)| S Cyp*
The functional H* is a periodic function of x of period x.

The proof of the lemma goes as follows. The transition densities
7;(a;_, | a;) are bigger than some constant o >0 with a positive probabil-
ity. It is easy to show that with the probability not less than 1 — C,p* the
number of such j is bigger then Bk for some > 0. Then the conditional
distribution n(a, | a,) does not depend on k. The periodicity of H%*) on x
follows easily from the expressions for ¢(x; ¢).
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